Abstract: On the one hand, the adoption of polluting technologies can enhance the factor productivity; on the other hand, pollution lowers the stock of human capital by weakening physical and mental performances, and shortening the life expectancy at the end. To capture the impact of pollution on economic growth, we compute the optimal policy in a continuous-time endogenous growth model à la Lucas (1988) . The concav ity properties we consider, not only ensure the uniqueness of solution but also play a fundamental role in comparative statics and local dynamics.
Introduction
The seminal notion of human capital dates back to Smith and Pigou. The current meaning has been specified and popularized by Becker in his influential work Human Capital published in 1964 [1] . Today, the term of human capital refers to the level of education and the state of health of a given individual.
Human capital accumulation is pointed out as a mechanism of perpetual growth by [2] . During the Nineties, the endogenous growth literature flourishes. Meanwhile, this optimistic view is challenged by other authors concerned by the effects of pollution on economic growth. Two decades after the seminal papers by [3] and [4] on sustainable development, pollution is introduced in a model of (exogenous) growth à la Ramsey by [5] .
In our paper, we assume that production pollutes and pollution slows human capital accumulation, but, in the spirit of [6] and [7] , the adoption of polluting technologies enhances factor productivity. Thus, pollution is considered as a production factor and becomes a control variable in the planner's program just as the worked hours. Our model preserves the simplicity of [2] and encompasses this model as particular case.
Model
We introduce a pollution mechanism à la [7] in a model à la [2] , an optimal growth model with human capital and no physical capital. On the one hand, a polluting technology enhances labor productivity, on the other hand pollution slacks human capital accumulation. Thus, a trade-off between these opposite effects takes place.
We denote the individual labor supply by and normalize the size of population to one. Then, is also the aggregate labor supply. Labor services enters the production function jointly with another input: a tech nology index . Increasing this index means an improvement of labor productivity but also the adoption of a more polluting technology.
Assumption 1.
Technology is represented by a production function = ( , ), with / > 0 and / > 0.
Pollution depends on the type of technology (more or less polluting), but also on the amount of produc tion: = ( , ), with / , / > 0. Notice that here the pollution is not a stock, but a flow.
We find = ( , ( , )) ≡ ( , ) that is = ( , ) and, hence, = ( , ( , )) ≡ ( , ). In this sense, given the labor supply , adopting a technology index is equivalent to fixing a pollution level . In other terms, can be assimilated to an input. From the Implicit Function Theorem, we obtain = + > 0 and = + > 0
Leisure time is exogenous. Nonleisure time is normalized to one and spent to work or to accumulate human capital (education and health). The individual labor services are the product of human capital and the working time: ≡ ℎ . The remaining nonleisure time, 1 − , is devoted to human capital accumulation. Pollution has a negative impact on human capital accumulation. The restriction ≤ 1 is justified on the empirical ground [8] . The logarithmic case ( = 1) is included. More explicitly, we will consider ( )
Production is entirely consumed:
The planner maximizes ∫ 
In addition, we require to be concave with respect to (ℎ , , ). In the example below, we will verify sufficient conditions for concavity (Arrow-Mangasarian).
In the following, given a function ( 1 , 2 ) (with, for instance, (1 − , ) ≡ (1 − , ) or ( , ) ≡ ( , )) we denote the first and second-order elasticities
We introduce also the following variables:
Proposition 1. The planner's solution is driven by a two-dimensional system:
with
The proof of Proposition 1 as well as all the other proofs of the paper are provided in the Appendix.
Computing the ratiȯ/̇= ( , )/ ( , ) ≡ ( , ) and solving the differential equation / ≡ ( , ), we find the relation between working time and pollution: = ( ).
At the steady state (RGP: Regular Growth Path), the pollution level and the working time are constant, while the other variables (ℎ , , ) grow at constant rates. In particular,̇= 0 and (3) give the growth rate for human capital.¹ḣ
Proposition 2. Along the RGP, the economy experiences different constant growth rates:
Example
Productivity is enhanced by the adoption of a polluting technology: = with 0 < < 1, but production pollutes: = , with > 0, and
[2] represents the case without pollution ( = ) and could be recovered as a limit case with = +∞. A multiplicative human capital accumulation is considered: (1 − , ) ≡ (1 − ) ( max − ) with ≤ max or equivalently,ḣ /ℎ = (1 − ) (1 − ) with ≡ max , where ≡ / max is the relative pollution. Thus, pollution has always a negative impact on the human capital accumulation rate and this rate never becomes negative. In the limit, when goes to max , the human capital accumulation stops. Assumption 4. , ∈ (0, 1) and + < 1.
Proposition 3. Under Assumptions 3 and 4, the second-order conditions for the planner's maximization are satisfied and the planner's solution is unique.
Restriction + < 1 is fundamental. Not only it ensures the solution uniqueness, but also the existence of a steady state and unambiguous conclusions for comparative statics and stability analysis (see below).
In our example, the first and second-order elasticities write: 
with 
( ) > 0 requires ∈ ( , 1) with ≡ /( + ). ∈ ( , 1) is equivalent to > 0: in our example, the growth rate is always positive.
Proposition 4. A steady state exists.
Solving equation (11), we find the working time while, from (1), the relative pollution:
Finally, through (10), we find . The planner compute 0 to ensure that the economy stays on the following RGP (which is the unique solution as we will show later (stability analysis) because of program concavity):
where ℎ 0 is predetermined.
Focus now on the comparative statics and on the impact of parameters on the steady state.
Proposition 5. At the steady state, there is a positive relation between the pollution level and the working time:
has a positive direct effect on and an indirect negative effect on through , while has a direct positive effect on and a negative effect on through : the arbitrage between and is captured by equation (1), resulting in an unambiguous relation between and .
Consider
and distinguish two cases: (1) 0 < < 1 (pollutions matters), (2) > 1 (pollution does not matter). The second case is similar to that without pollution (with = +∞ we recover the [2] model). The novelty of the paper rests on the first case and we will focus on.
Assumption 5.
Pollutions matters: 0 < < 1 .
The existence of a steady state requires also a lower bound for pollution: ≡ max ( ).
Proposition 6. Let > . Assumptions 4 and 5 imply / < 0, / max < 0, / > 0, / < 0 and / < 0, / max < 0, / > 0, / < 0. In addition, if max > − /(1 − ), / < 0 and / < 0.
As in [2] , a model without physical capital and pollution, has a positive effect on because more im patient agents prefer to work more and consume more today, instead of to accumulate human capital for tomorrow. The higher the working time, the higher the production and pollution. We observe also that has the same qualitative impact of max because both of these parameters enter the factor ≡ max .
When increases, the environmental quality ( max − ) has a larger impact on capital accumulation. The planner reduces the pollution level and increases the time spent for education and health (1 − ). When increases, the time spent for education and health (1 − ) has a larger impact on capital accumulation. The planner reduces the working time and the pollution level (because, on the one side, production partially lowers and, on the other side, the environmental quality has a larger effect on capital accumulation). When is higher, the relative productivity of pollution in the reduced production function (6) lowers and, so, the planner adopts a less polluting technology. The higher environmental quality increases the impact of education and wealth on capital accumulation. The planner decides to reduce the working time to raise the investments in education and wealth. The same arguments work for because a higher also lowers the relative productivity of pollution in the reduced production function (6) .
Finally, focus on human capital accumulation. Consider, for simplicity, the logarithmic case.
Proposition 8. Let = 1. Propositions 6 and 7 hold also for the stationary growth rate but now with reversed signs, that is sign / = −sign / for = , max , , , . In addition, / < 0, while / < 0 iff the elasticity ( / ) / > 1 − .
Focus on = (1− )/( ). has a negative impact on human capital accumulation (the higher the work ing time, the lower the investments in education and health). This explains why sign / = −sign / . The other parameters and have also a direct effect (positive and negative, respectively: = (1 − )/( )).
The negative direct effect of on always dominates the possibly positive indirect effect through ( / < 0) (see Proposition 6) . Under = (1 − )/( ), the positive direct effect of on is dominated by a negative indirect effect through / > 0 (see Proposition 6) .
The uniqueness of the planner's solution, the RGP, under a strict concavity of the program [2] corresponds to the positivity of the eigenvalue. 
Conclusion
In this paper we have considered the effects of pollution on human capital accumulation through an endoge nous growth model à la [2] augmented by a pollution mechanism à la [7] .
We have found positive relation between pollution level and the working time because pollution slows down the human capital accumulation and makes less efficient the investments in education and health.
Appendix
Proof of Proposition 1. The first-order conditions writeḣ /ℎ = ,̇/ = − − / (1 − ) and = ( )( / )/[ / (1 − )] jointly with condition (1). Since = (ℎ , ) and = (1 − , ), the implicit equation (1) allows us to locally define = (ℎ , ). Taking the logarithms of in the first-order conditions and of = (ℎ , ) and their time derivatives, we obtain a dynamic systeṁ/ = 1 (ḣ /ℎ ,̇/ ,̇/ ) anḋ/ = 2 (ḣ /ℎ ,̇/ ), that is a reduced equatioṅ/ = 1 ( , 2 ( ,̇/ ),̇/ ). Using the first-order condition witḣ/ , noticing that ( )/ ( ) = −1/ , and solving for/ , we obtain a two-dimensional dynamic system:ḣ
Differentiating the arbitrage (1) with respect to ( , ℎ , ), where
/ +(1− 0 ) ℎ /ℎ − 2 / = 0, and we obtain the first-order elasticities
, we finḋ/ = 1 + 2̇/ and, replacing, we eventually obtain the dynamic system (2) In the last fraction of the first derivative, the numerator is negative while, under Assumption 4, the denomi nator is positive. Thus, / < 0. In addition, / < 0 iff the elasticity ( / ) / > 1 − .
Proof of Proposition 9. The eigenvalue of reduced dynamicṡ= ( ) around the steady state (12) is given by ( ) = − (1 − )/ . Assumptions 4 and 5 implies < 0 that is ( ) > 0.
